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MULTILINEAR MIXING OPERATORS AND
LIPSCHITZ MIXING OPERATOR IDEALS

DAHMANE ACHOUR, ELHADJ DAHIA AND M. A. S. SALEH

(Communicated by N.-C. Wong)

Abstract. In [15], E. A. Sdnchez Pérez introduced the class of (s;g,0)-mixing operators, as a
generalization of (s;¢) -mixing operators. We investigate analogous concepts here for the case of
multilinear operators between Banach spaces and Lipschitz mappings between metric spaces, in-
troducing the class of (s,q;p1,-..,pm;0)-mixing multilinear operators and the Lipschitz Banach
ideal of (s,q,0)-mixing mappings show that our approach provides a multilinear and Lipschitz
extension of quotient theorem like the linear case. Several characterizations of these mappings
are presented, especially, every Lipschitz (s,q)-mixing map is Lipschitz (s,q, 6)-mixing map
and a result relies on the duality theory for (g,0)-absolutely Lipschitz operators are given.

1. Introduction

Jarchow and Matter introduced in 1987 a general interpolation procedure for creat-
ing a new operator ideal from two given operator ideals (see [9]). Using this technique,
Matter defined the operator ideal I, ¢ of the (g, 8)-absolutely continuous linear op-
erators where 1 < g < o and 0 < 6 < 1. The resulting space must be understood
as an ideally located in between absolutely ¢-summing linear operators and continu-
ous linear operators, preserving some of the characteristic properties of the first class.
The class of (g;pi,...,pm;6)-absolutely continuous multilinear operators on Banach
spaces has been defined and characterized by Dahia et al. in [8] as a natural multilinear
extension of the ideal of (g, 6)-absolutely continuous linear operators for which the re-
sulting vector space ‘fi (P 1) is a normed (Banach) multi-ideal. In [15], Sanchez
Pérez introduced the interpolated operator ideal of (s, g, 0)-mixing linear operators that
generalize the well known operator ideal of (g, p)-mixing operators [12].

This class of operators is characterized by interesting integral inequalities and by
a certain splitting property (which explains the name “mixing’’). More details on the
(s,q,0)-mixing operators can be found also in [16]. In this paper, we introduce and
study the multilinear version of (s,q,0)-mixing linear operators, that will be called
(s,4;P15- -, pm;0)-mixing multilinear operators. As far as we know that is a first
attempt in this regard. We give some characterizations, for this class, by integral
inequalities similar to linear case and we prove the quotient theorem for this class.
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Also, we introduce the new space of a Lipschitz mixed (s;q, 0 )-summable sequences
in pointed metric spaces obtaining in this the way a new Banach Lipschitz operator
ideal of Lipschitz (s;q, 6)-mixing mappings. The paper is structured into five sec-
tions. After the introductory one, in Section 2 we recall some notations, basic facts
on sequence spaces and several basic definitions of some classes of linear operators
between Banach spaces. In section 3, we extend to multilinear mappings the concept
of (s;¢,0)-mixing linear operators, and we show that our approach provides a multi-
linear extension of a quotient theorem for the linear case. In section 4, based on the
definition of mixed (s;q,0)-summable sequences [15] and inspired by the Lipschitz
version of mixed summable sequences [5, Section 4.2], we present the definition of Lip-
schitz mixed (s;¢, 6)-summable sequence of arbitrary pointed metric spaces and study
its fundamental properties. We will have opportunities to use this space of sequences
for introducing the classes of Lipschitz (s;¢q, 6)-mixing maps and we characterize this
class of non-linear operators by means of their summability properties. Composition
property and some including results are given. In section 5, we establish the quotient
Lipschitz theorem for the classes of (s;q,0)-mixing maps. As a consequence, we ob-
tain that this class is a strong Lipschitz operator Banach ideal. Afterwards we prove that
every Lipschitz (s,q)-mixing map is Lipschitz (s;q, 0)-mixing. We end the paper with
the characterization of Lipschitz (s;¢g, 8)-mixing maps between metric spaces in terms
of ideal norms of associated bounded linear operators between Chevet-Safer spaces.

2. Notations and preliminaries

The notations used in the paper are, in general, standard. Let m € N and E;, (i =
1,...,m), F be Banach spaces over K, either R or C we will denote by -Z(E},...,Ey;
F) the Banach space of all continuous m-linear mappings from Ej X ... X E,, into F,
under the norm

ITl= s [TG )

xiGBEi, 1<i<im

where B, denotes the closed unit ball of E;(1 <i<m).Letnow E be a Banach space
and 1 < p < eo. The symbol EY will denote the sequences with values in E . Let £ »(E)
be the Banach space of all absolutely p-summable sequences x = (x j)j e EN with the
norm

Jefen 2] = (S
j=1

We denote by 7 (E) the Banach space of all weakly p-summable sequences x = (x j)j
in E with the norm
Hx)ﬂg’ (E)H = sup ,
€lgx <1

[HEA

where E* denotes the topological dual of E. If p = oo we are restricted to the case of
bounded sequences in l.. (E) we use the sup norm. If we take E = KK, then the spaces
£, (K) and £ (K) coincide and we denote £, (K) by £,,. If 1 < g <5 < oo, we consider

the real number s*(g) satisfying \*(ﬁ + % = é A sequence x = (x;); of elements of
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E is said to be mixed (s;¢)-summable if there exists a sequence § = ({;); € £y (4) and
a sequence x° = (x(;) j €LP(E) such that for all j € N we have

xj=Gjx) (2.1)

We denote by é?’_ﬁ,,q) (E) the Banach space of all mixed (s;¢)-summable sequences of
elements of E with the norm
e [

where the infimum is taken over all possible representations of x in the form (2.1). The
relationships between the various sequence spaces are given by ¢, (E) C E’(’;.q) (E) C

g (E), with Hx)ﬁfj" (E)H <mygg) () < Hx)éq (E)||, forall x € £,(E). We denote by
W (Bg+), the set of all regular Borel probability measures on Bg+ (with the weak star
topology).

Let 1 < g < s <. An operator u: E — F between Banach spaces is called

(s,q)-mixing if there is a constant C > 0 such that for all n € N and all xy,...,x, € E,
the inequality

KCO

Mg (X) = 1anC

(g ((03);) < - |, 9 ()|

holds. The class of all (s,q) -mixing operators from E to F is denoted by 90y, (E,F).
In this case, the (s,g)-mixing summing norm M., (#) of u is the infimum of such
constants C (see [12]). We recall the multilinear extension of the concept of (s,q)-
mixing operators were introduced by C. A. S. Soares in [18].

DEFINITIONZI Let 0 <g<s<ooand 0< py,...,pm < oo with ég ﬁ+

-+ 5~ An m-linear operator T € Z(Ey,....En:F) is (s,q;p1,..., pm)-mixing if
there ex1sts a constant C > 0 such that

m(S’q)((T(x}-, ..

‘z H 2.2)

forevery n € N, (' )J | CE; (i=1,...,m). In this case we define HTH prpm) =
inf{C : for all C verifying the 1nequa11ty( 2)}. We denote the class of all such map-
plngs by gmx( S\ @3P1 e )(Ela EmsF)

Now we recall the definition of (g, 0)-absolutely continuous linear operators by
means of sequences (see [11, 10]). Let 1 <g<e and 0 < 0 < 1. For x = (xj)j e EN

we put
1-0

8y0(x) = sup (i(;g(x,.>;l—9||x,;|9)'"e> -

EeBpx

It is clear that if §,9(x) < oo then x € E“l’ie (E)

0, (E)| <.
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DEFINITION 2.2. An operator u : E — F between Banach spaces is (g,0)-
absolutely continuous, if there exists a constant C > 0 such that for any (x j);le CE,
we have

e [, (B)| < €80 (Y1)

This class is denoted by I, g(E,F) and the infimum of all C by m, ¢(u). The
notion of (s;q, 8)-mixing linear operators was introduced by E. A. Sdnchez Pérez in
[15]. Let 0 < g<s< oo, 0< O <1 and 0 < s5(q) < oo such that ﬁ—i—%: é For
all finite sequences (x;)}_; C E we put

a0 ((9fa) =it { (€)1 ey

5s9 ((x(;);z:1) Xj = ij?,j = 17...,1’1} .

The infimum is considered for all possible representations x; = { jx(;, j=1,...,n, with
(&)1, CKand ()7 CE.

DEFINITION 2.3. The operator u : E — F, between Banach spaces, is (s;q,6)-
mixing if there exists a constant C > 0 such that

Msiq,0) ((x7)j=1) < C-S40((x;)=1)

for every finite sequence (x j)};:l in E. The infimum of all such constants C is repre-

sented by Mﬁ,;q) (u).

The next results can be found in [15, Lemma 1.4 and Proposition 1.5]

PROPOSITION 2.4. Forevery (x;)i_; CE,

megntt) = s (S ool Il anw) ) " e

HEW (Bp+) \ j=1

PROPOSITION 2.5. The following statements are equivalent

(i) u:X —Y is (s;q,0)-mixing

(ii) There is C >0 such that for every (x;)}_ C E and every (@)k_, CF*, the
following inequality holds

1-0
L(F™)

n |k 0
(S ol ) | < ()it

Jj=

(2.4)

Moreover, we have Mfs‘q)(u) =inf{C > 0, C satisfies (2.4)}.
Now we are going to introduce some concepts and notations for the Lipschitz case,
let X, Y and Z be pointed metric spaces which have a special point designated by 0.
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The set of all Lipschitz functions from X into Y that send the special point 0 to 0 will
be denoted by Lip(X,Y). Forall T € Lip(X,Y) we put

Lip(T) =inf{C>0:d(T(x),T(x)) < Cd(x,x') forall x,x € X} .

The Banach space Lip(X,R) of real-valued Lipschitz functions defined on X with
the Lipschitz norm Lip(-) will be denoted by X*. Along with the paper we consider
By+ endowed with the pointwise topology (By# is a compact Hausdorff space in this
topology). It is well known that X* has a predual, namely the space of Arens and Eells
A(X) (see [4] or [19] for more details on this space). A molecule on X is a scalar

valued function m on X with finite support that satisfies Y m(x) = 0. We denote
xeX

by .#(X) the linear space of all molecules on X. For x,x’ € X the molecule m,
is defined by myv = ¥} — X(v}, Where x4 is the characteristic function of the set
n

A. For me #(X) we can write m = ¥ Ajm, . for some suitable scalars 4;, and
=1 I

n n
we write [[m|| ,(x) = inf{ Y M,'|d(xj,x}), m= ¥ Ajmy ¢, where the infimum is
j=r j=1 Y

taken over all representations of the molecule m. Denote by A& (X) the completion of
the normed space (.# (X)), ||.|| 4 (x)). Sawashima [17] defined the Lipschitz dual T# of

T € Lip(X,Y) as the continuous linear operator 7% : Y# — X* given by T#(g) :=go
T . In contrast to the linear case, where it was enough to consider sequences (x;) i€ EN,
we require to consider sequences <(Gj7x’1-,x7)> e of triples (0, x,x7) ERx X x X
To simplify notation, let us write (o,x’,x”) for such a sequence. For a scalar sequence
7= (1j); C R\ {0} we will simply write (2,x',x") instead of ((f—j,x}7x’1f)>jeN. Let
1 < p < o, the p-sequence set, denoted by £, (R x X x X), is defined as

C(RXX xX) = {(Gj,x’,x”) ERXXxX: 21 |oj|” dx (', x})P < oo}.
-

We denote its strong p-norm by

oo P
@F<§waw#f)
J=

Also the weak Lipschitz p-sequence set, denoted by Eﬁ’w (R x X x X), is defined as

H(G,x/,x”)

CE(RXX x X) = {(Gj7x’7x”) ERxXxX : Y |0j|” | fx; = fx]|" < oo, forall f € BX#}.
J=1

We denote its weak Lipschitz p-norm by
1

oo P
(Zlerim-rar)
j:

H (07)6/7)6//)

Lo H = sup
p
JEByy
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Observe that, since there is no linear structure on the set of triples (G,x’ X! ), the above
notions are not really norms. But because of the similarity with the usual norms of
¢, we shall call them norms. In order to introduce the concept of Lipschitz (s:9)-
mixing operator. The third author of this paper in, [14, Definition 3.1], defined the
space of Lipschitz mixed (s;q)-summable sequence which is implicit in [5, Sec. 4.2].
A sequence (0,x,x") C R x X x X is called Lipschitz mixed (s;q)-summable if there
exists a sequence T € £y, such that (Z,x',x") € /5®(R x X x X). The space of all

this sequence is denoted by E)ﬁ(Ls‘q) (R x X x X). Moreover, for a sequence (o,x',x") €

Emﬁ;q) (R x X x X) define

L

m(, (0.x,x") = ianT

| (242)

where the infimum is taken over all sequences T € () -

=

DEFINITION 2.6. Let 0 < g < s < oo, a Lipschitz map T € Lip(X,Y) is called
Lipschitz (s;¢)-mixing operator if there is a constant C > 0 such that

mﬁ,;q)(me/,Tx”) <C- H(O',x/7x’/)

2

for arbitrary finite sequences (o,x,x") CRx X x X.

Note that there is another definition of Lipschitz (s;¢)-mixing operators equivalent
to the above definition in when we have 1 < g < s < oo (see [5, Corollary 4.3]).

3. (s,4;p1,---,Pm;0)-mixing multilinear operators

In this section we extend the definition of class of (s, ¢, 0)-mixing linear operators
to the case of multilinear operators. In what follows, we consider the real numbers
0<O<land 1<q,s,p1,...,pm <o° suchthat é < %+...+pim. Before we study this
class of multilinear operators, we recall the definition of (g;py, ..., pm;6)-absolutely
continuous multilinear operators were introduced by Dahia et al. in [8].

DEFINITION 3.1. A mapping T € Z(Ey,...,En;F) is (¢;p1,-- ., pm; 0)-absolu-
tely continuous if there is a constant C > 0 such that forany x},...,x, € E;, (1 <i<m)

we have
m

£, (F)|| < T80 ()}

(T ()

The smallest C satisfying the inequality above is indicated by ||T|| 29, )
as,(q:pys-Pm

and the class of these mappings by jf(g ( (E1,...,En;F) which is a Banach

_ 5.(43P15--.Pm)
space with the norm ||T'|| ;e ( .
as,\q:p1,--Pm
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DEFINITION 3.2. Amapping T € Z(Ey,...,En;F) is (s,q;p1,- .., Pm; 0)-mixing
AN
if there is a constant C > 0 such that for any (x?) - CE; (1<i<m) wehave
j=

m

m(s;q,@)((T(x}H e 7“{/'”);!:1) < CH6P19((XI/)7=1> (3.1

i=1
In this case we define

T |l x(s,q:py,....pms0) = INE{C : for all C verifying the inequality (3.1)}.

We denote this class of mappings by .i”’sx(s.q‘pl o)
For 6 =0 we have '

Zn ,p,,,)(Elv"'vEm;F)Zan( E],...,Em;F).

s.,q;pum.,pm)(

Notice that for m = 1 we recover the class of linear (s,q,0)-mixing operators. Un-
fortunately, we have no proof for the fact that the class DZSX(S.q;plwpm) is a Banach
multi-ideal. However, we do not need in our paper of this result. '

In the following we characterize the class of (s,q;p1, ..., pm; 0)-mixing multilin-

ear operators by means summability inequalities.

THEOREM 3.3. Themapping T € L (E1,...,En;F) is (s,q;p1,- -, Pm; 0) -mixing
if and only if there is a constant C > 0 such that

1-6
q

n k ) s
-21 (2 (o, T(x},... ")) ||T(x}.,...,xf,ﬂ)||10> (3.2)
iz

=1

1-6

Us(F)

< C-[Tono ()1-1)- (o0t

f rall ’k 7< lj) i—1 i (1 < i < l) and ((pl)é{__l CF*. In thisparticular case,
J
H || IJ’C(-\'751;[717-~-,]7m;9) infC

where the infimum is taken over all C satisfying (3.2).

Proof. We have two cases.
(i) Case s = q. Suppose that the conditions (3.2) is holds and take k = 1,

1-6
n ﬂ 7 m -
(-21 (0. T X IT (- 2D ) < ¢ TTone (C5)10)
Jj= P
for all ¢ € Bp+. Thus

040 ((T(x},...,x;-")).’}zl) < C-lm_IIS .0 ((xj-);?:l) .
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If we combine this inequality and (2.3) we obtain
M(5:4,0) ((T(X}, e 7“‘7)7:1)

1-6

< s / swp 39,70} ) [T, o) (o)

HEW (Bpx (peBF*
= 0Oq0 ((T()CL 7x;'n))j=l)

< C'H5 0 ((x;);l:l) .
i=1

Therefore, T is (s,q;p1,..., pm; 0)-mixing and [|T{],,.(s :p,.... pm:e) < C. Conversely,

suppose that T € frzx(w;ph_ﬂpm)(Eh ,En;F). Given (xl)J:1 CE,(i=1,...,m)

and (@)k_ CF*. If T(x},...,x'j’?) =1;y;,(1 < j<n) where (y;)7_; CF and (7;)]_,
C K, we have

[g A ICR L T ]

j=li=1

1-6

n k b KR
-8 2 Koot o]

| )
k 7 n g g
< (ZZI ||<Pz||q) sup [El [CXADIE H?/WHW]

1-6
qJeBg*
] e (0021-0)

Taking the Infimum on both sides over all possible representations of the form

< @i feaF)

T(x}-,...,x;"):’cjyh (]: 1,~..,}’l)

we obtain

1-0
5.8 lm g gt

<@t |eatr)
<t |eatr)

"M (4:4.0) (T(x}, ... ,x;-"));?zl)

-0 m .
W laaaipncmo)” T80 (5051 )

Therefore infC < HTH(s,q;m,...,pm;G)'

(ii) Case s > q. Assume that T is (s,q;pi,...,pm;0)-mixing. Consider 0 #

k
Q1,...,Qr € F*. We define on Bp+ the probability measure v = Y v;0;, where v; =
=1
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—lel® _j—1,... kand & is the Dirac measure at the point ¢ = HZg_;H' For
J(ont st
(xj.)f;zl CEj,(i=1,...,m) we have

|<<p,T(x},...,x;-”)>}de((p)

F
]

k s s
o 1 N Il
= 2 < T (xj, . x)> 5
SN\ lel’ ! H("”)é;l -"(F*)H
S N
(e =
From this equalities and (2.3) we get
g =2
n k s o5 5 q
(07t 05 )
j=1 \i=1
k PR R 1 s 1 R
(e 2( | o T dv<<p>|\T<x,,...,x;">Hle)
j=1\/BF*
k * 1-6 1 myn
<@t 6| i (TG
1— 9 m
= ”T”mx (8,401 y+--sPm30 H (pll l Haz ( *)

and we obtain (3.2) with infC < ||T ||y gy pmi6) -

k
Reciprocally, let us suppose that (3.2) is true. Given v = Y v;; a discrete proba-
=1
bility measure onto Br+. We have

B
1
=]
£

[i(/w A e avto)
vll'(p;,T(x;,...,x'j’-q)>'SHT(x},.., W)

CH5 ) < ) ) | 1-6
< CES .0 ((X{):’:J .

Since the discrete probability measures are dense in W (Bp+) for the weak star topology
defined by C(Bp+), it follows that this inequality holds for all such v € W(Bg+) and

1 k *
(V) @1)i—y |Us(F7)
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(x)1_) CEj,(i=1,...,m). Therefore, by (2.3) we obtain

Mg 0) (T (xhs o Y11) < CT T80 (G )
i=1

This shows that T is (s,q;p1,...,pm; 0)-mixing and ||T'[| ,e =infC. O

MX($.q3p1 5o Pm)

Now we are ready to present the main results of this section. In order to prove
this theorem we need the following preliminary results. For a regular Borel proba-
bility measure v on Bp+, (with the weak star topology), we denote by i the isomet-
ric embedding F — C(Bp+) given by i(y) = (y,-). For y € F consider the seminorm

1-6

k s
[0, )l; g =inf 3 Hyl||9 <fBF* \(yl7->|5dv> *, the infimum computed over all decom-
' =1

k
positions of y as y = Y, y; in F. Following [8, 1] (see also [7, Section 2.1.3]) , let
=1

Ly (V) be the completion of the quotient normed space i(F)/| - || 4(0) of all classes
of functions as (y,-) € i(F) C C(Br+), y € F, with the quotient norm ||-|; 4.

THEOREM 3.4. Let 0< 0 <1 and 1 < 1,5,q,p1,---,pm < o such that é =

% +...+ me and Ll] = %—I— % For T € Z(Ei,...,En;F), the following statements
are equivalent

a) The composition uoT 1 E; X ... X E, — G is (q;p1,- .., pm; 0) -absolutely con-
tinuous multilinear operators for any Banach space G and any (s,0)-absolutely
continuous operator u : F — G with

[uoT||go < C.my9(u). (3.3)

(¢:p1>Pm)

b) There is a constant C > 0 such that for any probability measure v € W(Bp+)
there exists regular Borel probability measures [l; € W(BEI,*),I < i< m so that

forall (x',....x™) € E; x ... x E,, the inequality

k 05 e k
inf{Z (/B (@)l ||yz||de(<p>) T2 = Zyz} (3.4)
=1 \/Bpx =1
1-0
<cIT|l ( [ Vo) dulw)) ,
i=1 B
is valid.
c) Tis (s,q;p1,---,Pm; 0)-mixing with HT||$9( : <C.
mx($,q;p1 e Pm
Moreover, ||T|| 4o = infC, where the infimum is taken over all con-

mx($,q5p 1 - sPm)
stants C either a), b) or c).
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Proof. a) = b) For each v € W(Bp+) we consider the operator Jy : F — L g(V)
given by Jy(v) = [(y,-)], where [(y,-)] is the equivalence class of (y,-). In this case,
Jy is (s,0)-absolutely continuous with 7, (Jy) < 1 (see [8, Lemma 3.4]), then by
the hypothesis the m-linear mapping Jy, o T is (q;p1, ..., pm;6)-absolutely continuous
with

[JvoT|| o <C.

as(q;pysepm)

By the domination theorem for the class ﬁa‘i (@D 1) (see [8, Theorem 3.3]), there is

regular Borel probability measures u; € W(BE;) such that for all X' € E;, 1 <i<m,
we have

KT o))
k s =6 k
=inf{2 ( | ol yznwwp)) T ) = Zm}

1-6
Pi

<11 (], Vo1 amo)

b) = ¢) From (3.4) and by Holder’s inequality we have

<2 (/ o7 !|T<x}»,...,x;-">lll%u<<p>) )

B (F1([, e o sirance))

Jj= i=1

<efT(£ [, 11 o

=1

”"duiw))

pi6 ((xlj);lzl)

forevery v € W(Bp+),n € N and (x' )J | CE;i=1,...,m. By using the equality, (2.3)

we obtain
m

m(s;q,@) ((T(X}'a s ax;'n)?=1> < CHSP,'G ((xl/)?=l) .

i=1
Thus T € DZSX - )(El, ,En;F) and HTH’%JOM(W;,)IMpm) <C.
¢) =>a) Let G a Banach space and let u: F — G be a (s, 0)-absolutely con-
tinuous operator. By the Pietsch domination theorem concerning the (s, 6)-absolutely
continuous operators [11, Theorem 4.1], there is a regular Borel probability measure
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i on Bp+ such that for all (x}-7...,x’j’-1) €E %X...xEp,j=1,...,n we have

1-6
s

(o) <) (0T )| i)

Then by the hypothesis and (2.3) we get
1-6
n 1 q q
(2 HuOT(xj,...,x'J’-q)H 19)
j=1
1-6

< y0(0) (2 (/. }<¢,T<x;,...,x71>>|sHT(x;-,...,le%du(w))x)

J=1

< M0 (1)- (g0 (T (07 )1y)
< o (u). [T 0 H51 ((5)j=1)

mx(s,q;py -

Hence uoT € £°

g )(Eh ,En;G) and the inequality (3.3) holds. O

REMARK 3.5. Actually the equivalence between a) and c) in the above theorem

asserts that the class of (s,q;pi,...,pm;0)-mixing multilinear operators satisfy the
quotient theorem
6 _ ! 6
"g“ﬂmX(s.,q;pu....pm) - HS79 Ogas(%l’lwpm)'

4. Lipschitz (s;q, 0)-mixing maps

Throughout this section, ¢,s,0,s*(q) are real numbers such that 0 < g < s < oo,
<6<, ( 3 + <= é and X,Y are pointed metric spaces. The notion of Lipschitz
leCd (839, 9) summable sequence can be constructed as follows. For all sequences
(0,X,x") CR x X x X define

1-6

8 (0.. ") = sup [Z (|Gfl|f<x9>—f<x;-’>lledx<x9»x7>">ﬁl

and
Hg(Rx X xX)={(0,4,x") CRXX xX:8(0,x,x") <oo}.

DEFINITION 4.1. A sequence (0,x',x") CR x X x X is called Lipschitz mixed
(s:q,0)-summable, if there exists a sequence T € £, such that (Z,x',x") € HL9 (R x
T-0

X x X). The space of all Lipschitz mixed (s;q, 0)-summable sequences is denoted by
Emﬁig) (R x X x X). Moreover, for a sequence (o,x',x") € smﬁ;_‘;) (R x X x X) define

L.0 /A
m(s;q)(a,x ,x") = inf

o
)t |- 8% (— / ”) 4.1
% 50 Trx;x ( )
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where the infimum is taken over all sequences T € £y
1—

oS

REMARK 4.2. Let (0,x',x”) be an arbitrary sequence in R x X x X.

(1) For the special case if 6 = 0, the class 91~

(S;q)(
class Emﬁ;q) (RxX xX).

R x X x X) coincides with the

(2) If g =, then M~ (RxXxX) H5(R x X x X) with

(¢34

s

w) (0,x,x") = 5;9(07)6/,)6”).

(3) If s = oo, then MY (R XX x X) = thy (R XX x X) with

m(Le)(Gxx —Haxx)

(RxXxX)H

Inspired by the analogous result of [15, Lemma 1.4] and the similar proof of [5,
Proposition 4.2] we give an important characteristic.

PROPOSITION 4.3. Let 0 < g < s <o and 0 < 6 < 1. A sequence (0,x',x") is
Lipschitz mixed (s;q,0)-summable if and only if

s

18
] < oo, 4.2)

L:ZI {/ |y ™7 ’f(xlj-)—f(x;f)|sdx(x},x’1f)% dll(f)]

BX#

Sforevery € W(Bys#). In this particular case

Vi li{/ o 1) - ey o ] |

Proof. Suppose that (0,x',x”) is Lipschitz mixed (s;q,0)-summable sequence.

Then there exists a sequence T € £, suchthat (£,x',x") € H-y (R x X x X). Apply-
( :

D)
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ing Holder inequality we obtain

< Oj o / NE ] 19—°'e s
= ,21[“/'*[3[# o] W) ] )T du(f)] ]

< ;|10 K
< ‘ e ||| S [12] 7 100 =6 e 0 )
ol =gl 1Y
X
S ‘ T/ 6%(g7x/,x//) <o
=7 T

Conversely, let a sequence (0,x',x”) satisfy the condition (4.2). Define a number 8 as
follow

1715
B= sup [Z [/ |0j| 77 | () — £ dx(xj»x/)lgx" du(f)] ] :
IJEW(B)(#) J=1 BX#

Then the number f is finite. Put u = S*L(Iq) and v = 2. Then L4l =1. We now
consider the compact, convex subset

K:{ Eéj Lﬂand@-)O}

of 7,. Observe that the expression

0E) =3 Erer” / 03] 77 L) = SO d () P da (),

where U € W(By#), € > 0, defines a continuous convex function ¢ on K. Take the
special family & = (51) with

/chllelf )| d () ()

Then £ € K and ¢(&) < ﬁ%. Since the collection § of all functions & obtained

in this way is concave, by Ky Fan’s lemma, we can find £° = <€jo> € K such that
j
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0(EY) < B ™7 for all ¢ € § simultaneously. In particular, considering the Dirac mea-
sure &7 at a function f € By#, we obtain

X (&5 +e) g 7T L0 — S e () 0 < B,

j:

We put 7 = (;(€)), with 7(e) = (gue) 7 Then

i 5*(g) o S oy ) 0
T\l = lim ||Te|ls = lim Ti(g)T-0 = q
% e—0t € 17(1{9) e—0F Fz'l ,() in(gl)
17
S RO p |
= 2(5] )u < ﬁ s (q) = ﬂu
j=1
and for f € Bys,
1-6
oo O = s
[z 2 1) — p e () ]
j=11"%
_ s _ 17,0
= tim | 3| O ) - e |
e~0+ | &|17(e) / / 1
- -
: < }Gj|17 / /" ron q 1
= lim | ¥ A [0 — W[ ) | < B =B,
=1 (é +s) |

Hence ||T

.r17(q9) (SSLO(%,X/,X//) < ﬁ . D

DEFINITION 4.4, Let 0<g<s<e~and 0< O < 1. ALipschitzmap T:X —Y
between pointed metric spaces is called Lipschitz (s;q, 0)-mixing if there is a constant

C > 0 such that

(“’)(a Tx, Tx") < C- 8k (0. x) 4.3)

for arbitrary finite sequences X', x” in X and ¢ in R. Let us denote by M( )(X Y)
the class of all Lipschitz (s;q, 0)-mixing maps from X to Y. In such case, we put

m{ (T) = infC,

where the infimum is taken over all constant C satisfying (4.3).
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REMARK 4.5.
1. The linear space M(Ls’f]) (X,F) equipped with the norm m(LS’Z)(-) is a Banach

space if ¢ > 1 and a complete g-normed space if 0 < g < 1.

2. If 6 =0, then the class M>? (X,Y) coincides with the class TT% X,Y)
(s:) (mL(s:9).q)

of Lipschitz (m” (s;q) ,g) -summing mappings was introduced by the third author
in [14, Definition 3.5] for 0 < g < s < oo and by J. A. Chdvez-Dominguez in [5,
Corollary 4.3] for 1 < g < s < oo.

CONCLUDING REMARKS 4.6.

It is obvious that the Lipschitz (s; p, 6) — mixing maps satisfy the ideal property, i.e.

0 . .6 .
m; (SeToR) < Lip(S) -m{;0) (T)-Lip(R)

whenever the composition makes sense.

L

¢ If0<g<s<eoand 0<O <1, then £y (RxXxX)C M) (RxXxX),
-9 5
with m(LS’Z)(G,x’,x”) < H(G,x’,x”) ¢k, ||, for every (o,x',x") € tF, (RxX x
5 -0 -0
X).

. 1fo<q<ooand0<9<l,thenﬁi(RXXXX)Cmqu
. :

( )(]RxXxX),with
L
Oy

L6

[Z]
me , forevery (o,x,x") €, (RxXxX).

-6

(G,x’,x”) < H(GJC’,X”)

e If0<g<s<eoand 0< 6 <1, then smf;f;)(Rxxxx)cef,:%)(RxXxx).

Moreover

H(G,x/,x”) Ke*(q

-6

< mﬁjg)(a,x/,x").

o [fO<g<s<syK<eocand 0K O < 1, then M
X x X). Moreover

L’g (RxXxX)C‘JﬁLS’eq (R x

(s2:9) (s1:9)

L6

mb® L,0
(s1:9

)(G,x/,x") < m(xz;q)(mxﬂx”)

Lif_ RxXxX).

for every (o,x',x") € m; q)(
The characterization of Lipschitz (s;q,0)-mixing maps is presented in the fol-
lowing theorem, it is somewhat inspired by analogous results in the linear theory and

similar proof of [5, Theorem 4.1] we give an important characteristic.
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THEOREM 4.7. A Lipschitz map T from X to Y is Lipschitz (s;q,0)-mixing if
and only if there is a constant C > 0 such that

01152
[z|a,|le[z\gk,rx oy = (86T gy | Tx;,rx;s%H

(4.4)

ES(Y#)HI_G

<C-8l5(0,x X" H(gk>Z:1

for every o1,...,0m € R; Xy, X X X € X, g1,...,80 €YY and m,n € N,
Moreover
m(L’_e)(T) = infC.

539

Taking the infimum over all C > 0 verifying the above inequality.

Proof. Assume that T is a Lipschitz (s; ¢, 0)-mixing map. Consider g1, ..., gnEY #

Ltp( )EBy#,k—l ,n. Then u ¢
W(By#). For o01,...,0, € R, x},...,x,,x{,...,x), € X, we conclude from Proposi-
tion 4.3 that

n
and define the discrete probability g = 3 7,6, where 1, = Lip(gx)* -
k=1

and O; denotes the Dirac measure at by =

=l
£

s

m n 14
[ZJ {2‘1 (&0 Tj) (YY) — (g1 Txj) Y#Y ’ dy (T}, Tx}) 169] ]
Jj= k=

-21 |oj 7 [ / (&) oy = (& T |
J= BY#

aka o
< dy (T, 7)o dp (g ﬂ ] [Tl
<mf, (0, TY, TX"). H(gk)gzl eS(Y#)Hlfe

L,6

<) (1) 8 (0, ) (g0

ES(Y#)HI_G

To show the converse, observe that (4.4) means

m 014
[2 5170 | [ [T gy~ 6T | a2 7 Erao)] ]
=1

By
<C- 5[59(6,x/7x”) 4.5)
for each discrete probability measure u on By# and o7, ...,0,€R; x],...,x},, %], ..., x],

€ X . Since the class of all finitely supported probability measures on By is dense in
the class of every probability measure on By# for the weak star topology defined by



920 D. ACHOUR, E. DAHIA AND M. A. S. SALEH

C(By#), it follows that (4.5) satisfied for every probability measure @ on By# and
Ol,...,0m €R, X|,...,x},,x{,....x), € X. Taking the supremum over it € W (By#) on
the left side of (4.5) and using Proposition 4.3, we have

m(o (0,T¥,Tx") < C-8fg(0,x,x"). O

PROPOSITION 4.8. Let 0 < g<r<t<eoand 0<O<1.IfS fromY to Z isa
Lipschitz (t;s,0)-mixing map and T from X to Y is a Lipschitz (s;q,0)-mixing map,
then SoT from X to Z is a Lipschitz (t;q,0)—mixing map. Moreover

00(8) mt0 (7).

L6
m (SoT) < m;

Proof. From Definition 4.1, we have

mi:0 (0, (SoTI, (SeT)') = inf| 7|y || 65(Z, (SeT)Y, (SoT)")
’ 1-6
= inf |71 & é,*(q) 5,L9 il s (SO T)x’, (SO T)x” .
' T2 = T

— ; 1 1L 1 : o . .
Let 0/ = % Since o TF = F@ with the Holder inequality give us

s

m> (o,(So )X, (SoT)x") < inf || €y || - || 72| €100 8 o ,S(Tx'),S(TX")
(#:9) T 0 0 (2
G/

—1nf T1|€s%(q) 1nf T2 0 *(s) 5t6 (—,S(Tx/)7S(Tx”)>.

0 0 (%)
. L6 / / "
_1{_11f T Ex::g m(m)(a ,S(Tx"),S(Tx ))

L.6 .
gm(t’;s)(S) 12f 7|l 8L (0!, Tx' , TX")
<m(?)(S) mf")(a Tx Tx”)
L

Finally, it follows from Definition 4.4 that

Lo L6 L6
Mg (SOT) Sm(S) m,(T). O

Now we finish this section by presenting the relationship between the Lipschitz
(s39,0)-mixing map and its Lipschitz dual. We start by recalling the definitions of the
(s,q)-type linear operators. The absolute moments
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exist for 0 < g <s < 2. Let 0 < g <s < 2. For arbitrary finite sequence x = (x;)}_, C

E, we put
1
q
fog) (1) = 5 ( / du?(t)) ,

where 7 = (1,...,t,) € R" and u stand for the n-fold product of s-stable laws L.
An operator u : E — F between Banach spaces is called (s,q)-type if there exists
a constant C such that

q

n
ka'xk

k=1

I(s.q) (wx) < C|lx|6(E)]| (4.6)

for arbitrary finite sequences x= (x;); in E; k=1,...,n and n € N. We put T, , (T) =
infC.

The class of these operators is represented by ¥, ;). The following proposition
can be proved as in [ 14, Corollary 4.3].

PROPOSITION 4.9. Let 0 < g < s <2 and 0 < 0 < 1. If the Lipschitz dual oper-
ator T* : Y* — X* of the map T € Lip(X,Y) is of (s,q)-type, then T is a Lipschitz
(839, 0)-mixing map. Moreover

m(;0 (T) < Lip(T)? - Ts ) (T%)'°.

5. A quotient Lipschitz theorem

We generalize the concept of quotients Lipschitz ideals between arbitrary metric
spaces and Banach spaces presented by the third author in [13, Sec.4.5], to quotients
Lipschitz ideals between arbitrary metric spaces. As an example, we show that the
concept of (s;¢,0)-mixing maps provides a Lipschitz extension of quotient theorem.
We start by recalling the necessary theory of Lipschitz operator ideals (see [3, 13]) and
then introducing the main definition.

DEFINITION 5.1. A Lipschitz operator ideal 91, is a subclass of Lip such that
for every pointed metric space X and every Banach space E the components

fL,‘p(X,E) = Lip(X,E) n fL,‘p

satisfy:

(i) #Lip(X,E) is a linear subspace of Lip(X,E).

(ii) vg € ALip(X,E) for vE E and g € X*.

(iii) The ideal property: if S € Lip(Y,X), T € #1;p(X,E) and w € Z(E,F), then
the composition wo T oS isin S;,(Y,F).

A Lipschitz operator ideal .#;;, is a normed (Banach) Lipschitz operator ideal if
thereis [|.[| 5, : SLip — [0, +oo[ that satisfies

(1’) For every pointed metric space X and every Banach space E, the pair
(ALip(X,E), H'”ﬂup) is a normed (Banach) space and Lip(T) < [|T|.4,, forall T €
fL,'p (X,E).
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(i) |[ldg : K — K, Idg(A) = M‘fup =1.
i) If SeLip(Y,X), T € fLip(X7E) and w € Z(E,F), then

We say that a Lipschitz operator Banach ideal .7;;, is strong if, S € Lip(Y,X),
T € #ip(X,E) and R € Lip(E, F), then the composition RoT oS belongsto .7;,(Y, F)
and

|RoT 0S|, <Lip(S) [Tl Lip(R).

Suppose that, for every pair of metric spaces X and Y, the class

< =JZEX.)y)

XY

stands for all Lipschitz maps acting between arbitrary metric spaces X and Y. The
Lipschitz operator ideal between arbitrary metric spaces X and Y as follows.

DEFINITION 5.2. Suppose that, for every pair of metric spaces X and Y, we are
given a subset 7, (X,Y) of Z(X,Y). The class

jLip = U fLip(X7Y)
XY

is said to be a Lipschitz operator ideal, if the following conditions are satisfied:
(i) If Y =F is a Banach space, then ge € .71;,(X,F) for g€ X* and e € F.
(ii) BTA € J1;p(Xo0,Yy) for Ae ZL(Xo,X), T € #ip(X,Y),and B€ Z(Y.Yp).

Condition (i) implies that .#;;, contains nonzero Lipschitz operators.

DEFINITION 5.3. Let .%7;, be a Lipschitz operator ideal between arbitrary metric
spaces. A Lipschitzmap T € Lip(X,Y) belongs to the quotient %, ' 0.7, if SoT €
H1ip(X,Z) forall S € S1;,(Y,Z), where Z is an arbitrary pointed metric space.

It is not difficult to prove that

PROPOSITION 5.4. fL,-p_l o Sip is a Lipschitz operator ideal between arbitrary
metric spaces.

The proof of the next proposition is similar to [13, Proposition 30] and will be
omitted.

PROPOSITION 5.5. Let %1, be a strong Lipschitz operator Banach ideal. Then,
fL,-p’l o SLip is a Lipschitz operator Banach ideal. Moreover, we have

1Tl 10, = s0p {150 T s, + S € Fuip(E.F), IS, < 1

where F is an arbitrary Banach space.
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Now we are ready to present the main results of this section. In order to prove
this theorem we need the following preliminary results for (g, 8)-absolutely Lipschitz
mapping below was first given by Achour et al. in [2].

DEFINITION 5.6. Let | <g<eoand 0< 0 < 1.Let X and Y be pointed metric
spaces. A map T € Lip(X,Y) is called (g,0)-absolutely Lipschitz, if there exists a
constant K > 0, a pointed metric space G and a Lipschitz operator S & l'[g (X,G) such
that

d(T(x),T(¥)) < K-d(S(x),5(')' 0 -d(x,)°

for all x,x" € X. In this case 7)o (T) denotes the infimum of all Kx};(S)" "~ , where
S differs over all Lipschitz p-summing operators defined on X that fulfill the above
condition.

1-6

The space of all (g,0)-absolutely Lipschitz mappings between pointed metric
spaces X and Y is denoted by H;G(X ,Y). Recall that the be pointed metric space
X is isometrically embedded in A (X) via the mapping Jx : X — &£ (X) given by
Ox(x) = myy (see [19]). Let u be a Borel probability measure on By+. Consider the

n n
canonical inclusion i : E (X) — C(By#), given by i( Y, kjmxjx;) Y Aj(m My s .
j=1 j=1
Following [2, Section 4], on i( £ (X))

Ji(m) ] g := inf { ilm,,wd(x,-,x;)"( | 1r) rPann) Y 6
j= x#

where the infimum is taken over all representations of m of the form m = Z Aj M
j_
Consider on io 8x (X) the pseudo-metric induced by |-, 4

dq79(io5x(x),i05x(x/)) :=||i05x( ) —iodx(x ||q6

and the relation of equivalence % given by

i08x(x): Ziodx(x') & dyg(iodx(x),iodx(x))=0.

We put X“e = wéﬁf( ) and let o:i(0x(X)) — X; be the projection. The following
results is due to Achour et al. in [2, Theorem 2.4 and Theorem 3.1].

THEOREM 5.7. Let 1 < g<e, 0< 0 <1 and T € Lip(X,Y). The following
statements are equivalent.

(i) T e H;O(X,Y).

(ii) There is a constant C = 0 and a regular Borel probability measure [ on By
such that

d(T(x),T(x))<C ( /B (If @) = @) a(x,)°) du (f)) q

forall x,x¥ €X.
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(iii) There is a constant C > 0 such that for all (x;)?_,,(x;)"_, in X and all (a;)!_, C
R™ we have

1-0

(émd(ﬂx»,r(x;))ﬁ) q

< C sup <2al(|f (i) — FOD) 0 (i, x )6>ﬁ> ' :

f eB i=1

(iv) There exists a regular Borel probability measure [Lon By+ and a Lipschitz oper-
ator v:X ; o — Y such that the following diagram commutes

%Y

X
!

6X (X) ¢ol

Furthermore, the infimum of the constants C > 0 in (2) and (3) is n(ie (T).

THEOREM 5.8. Let 1 <g<s<eo, 0<O0<1, C>0 andlet T a Lipschitz
mapping from X to Y. The following are equivalent:

a) For any pointed metric space Z and any (s,0)-absolutely Lipschitz is mapping
S:Y — Z, the composition SoT is (q,0)-absolutely Lipschitz mapping and
nie (SoT) <Cmky(S).

b) There is a constant C > 0 such that for any probability measure v € W (By#)
there exists |1 € W (Bys) such that for every x',x" in X .

1-6
s

5 [ i

<g’ylj>(Y#,Y) B <g’ylj/>(y#7y) SdY(yJ’yj>7dV( >]

n
smpyre = X Ajmy
j=1 77T

<f’x/j>(x#,x) _<f’x~/’{>(x#,x)

n
imyg = Y AMm
o= iy

inf{ /=1

-6

dx (1) du(f)} N

_q_
-6

Aj

Al

BX#

< C-inf

(5.2)

¢) T is (s,q, 0 )-mixing Lipschitz with mﬁjg)(T) <C.

Furthermore, the infimum of the constants C in either (a), (b) or (c) is mﬁjg) (T).
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Proof. (a)=(b) Let v be a probability measure on By+. By using (iv) in Theo-
rem 5.7 we get a (s,0)-absolutely Lipschitz operator J& = ¢ oiody : ¥ — Yq‘fe with
mlo(J9) < 1. Hence, from (a), the composition J% o T is (g, 0)-absolutely Lipschitz
map with

”(f,e(fg oT) < C.”.ie(f\?) <C.

By the Lipschitz Pietsch Domination Theorem (ii) in Theorem 5.7, there is a probability
measure [L on Bys such that for all ', x” in X,

JE(1x) —J8(Tx")

5,0

< nbatutom)| [ (116001 aet,)) 7 i)
Bys
ie.

ds,e(io 5y(Tx/),iO 5X(Tx//)) = ”i(me’Tx”) Hs,(-)

_q 1-6
<C[/ (|f(x/)_f(x”)|l_edx(x/,x")e>l edu(f)} !
By
Therefore, by (5.1), we get
[i(mrvror)ls 0
s 1-0
5 i /. /./ 0 /' _ /{ s
= inf J'El MJ|dY(yj’yj) L{# '<g’y’>(y#,Y) <g’y1>(y#,Y) dv(g)}

n
e = 3 Ay
j=1 J7

‘We conclude that

1-6
s

S| }/lj|ﬁ

inf{ /=1 [By#

/ _ " ’ N, s
<g,y.,»> ) <g,y.,> (Y#7Y)| dy (v, })T "dV(g)]

n
imryre = ¥ Ajmy
j=1 77T

s C[ (1) = ] 2)°) lqedum} B 53)

By#

n
Let myy = 3, JLJ’-m)M_/, so the second part of inequality (5.3) becomes as follows
j=1
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- q %
| [ ()= 160~ axt)®) ™ aut)]
.
- q_ %
= c| [ (1trmaw =2 e ®) ™ |
Y
] i . o\ 70 16
Ye / '<f,zl}m)aj,)aj!)> El,/-m)aj)aj! dll(f)]
5 j=1 j=1

So, by the triangular inequality

wee| [

$ < () G
By 7! ]

Aot ]
<cx|fwr

1-6

C / i / " / " 0g. KB

B C.Zl { / A1 ‘<f’xj>(x#,x) - <f’xj>(x#,x>)qu(x./”xj)H’ d“(f)} :
j:

BX#

=0
f,m / // mx}x//

Taking the infimum over all representations of m, ., we get

q
<f’x/f'>(x#,x) B <f’x;{>(x#7x)

n
LMy = 2 7L’-mx/_x/_/
=1 X

. 4 -0
3 [f -6 g
(¥)<C-inf { /=" LBy

y

@%w%wm}

By (5.3) and () we have the condition (b).

(b)==(c) Let o in R and x/,x" in X. Therefore, for all € > 0, there exists a
representation of m, and myyr» such that

(ﬁl[/ ||

<c[§/ﬁ0pe

<C- 5479(6,)6 X +e.

1-6
s 05 N
T gy~ T g | (7,70 % avie)] )

1-6
) oy = X)) | >WdMﬁ}q+e

(5.4)
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Letting € — 0 and taking the supremum over all v € W (By+) on the left side of (5.4),
we get
mﬁv;qﬁ)(a, T, Tx") < C- 5;9(07)6/,)6//).

(c)=>(a) Assume that T is a Lipschitz (s;q,0)-mixing map. Then, by Proposition
4.3, we have

10
m s , N , s % q
Z / |Gj| = |g(ij)—g(ij)| dy(Tx;, Tx})1=0dv(g)

=1
J BY#

<m{;) (T)-8}g(0,X,2"). (5.5)
Now, let S:Y — Z be a (s, 0)-absolutely Lipschitz mapping. By the Lipschitz Pietsch
Domination theorem (ii) in Theorem 5.7, there is a probability measure v on By# such
that forall y, y" in Y,

1-6
1-6 =
az(sy,5y") <to(S) | [ (180 -]y (vy)°) " dv(g)
Then
1-6
m g , s q
> |oj| TP dz(Sy},Sy}) =0
j=1
1743
< s 1-0 =7
<mk(s) | X oy ™7 | [ (10— el drv)°) 7 dv(e)
Jj=1 B
Y
(5.6)
forall oy,...,0, €R, ¥|,...,x,,x],...,x], € X and m € N. Then, from the inequali-

ties (5.6) and (5.5), we have

1-6
m q
3 [0} dz (S0 T()). S0 T())) —] < h0($)-mES () 8ly(0, x").

4 (s3q
J=1
(5.7
Hence SoT is (g,0)-absolutely Lipschitz map with
L6
Tyo(SoT) < mig(S) -mi;, (T). (5.8)
U

As immediate consequence of the above theorem, the following corollary holds.
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COROLLARY 5.9. Let 1 < g <ooand 0< 0 < 1. Then
L0 _
M(§;q)(X’Y) - HsLﬂ(Y;Z) 1Ol_lgﬂe(X,Z)).

As (g, 0)-absolutely Lipschitz mappings is a strong Banach Lipschitz ideal [2,
Remark 2.7], the above corollary and the Proposition 5.5 given

PROPOSITION 5.10. Let 1 < g,s <eoand 0< 6 < 1.

L6

1. (M(L\Z) (X,E )7m(;_q) ()) is a strong Lipschitz operator Banach ideal.

2. Forany T € Lip(X,Y), m(LS’Z)(T) = Lip(T) whenever s < p and m(Lf;q)(T) =

n(ie (T), so only the case 1 < g <s < oo gives something new.

The main relationship between the Lipschitz (s,q)-mixing and the Lipschitz
(s,q,0)-mixing mappings is the following.

PROPOSITION 5.11. Every Lipschitz (s,q)-mixing map T : X — Y is Lipschitz
(s,q,0)-mixing and satisfies

mf‘; /(8) < Lip($)®.mi; ()7,

Proof. Let T € Mfs;q)(X,Y) and 0 < 6 < 1. Consider S € TI}4(Y,Z), then by

Definition 5.6 there exists an Sp € TT5(Y,Z)) satisfying
d(S(y).S()) < Kd(So(y).So (') ~*d(y.5)° (5.9)

forall y,y’ €Y and
nlo(S) = inf{ K.k (S0)' =} (5.10)

We show that SoT € H;e (X,Z). Forall x,x' € X, then from (5.9) we have
d(SoT(x),SoT(x'))

< Kd(SooT(x),So0T(x')' ~?d(T (x),T(x'))®
< K.Lip(T)® d(R(x),R(¥))' ~d(x,x))?,
where R = SpoT.
Since T € Mﬁw) (X,Y) it follows that R = Syo T € I1L(X,Z) (see [5]) and

nt(R) < m(LS;q)(T).rcSL (So) -

Again, by the Definition 5.6, So T is (g, 0)-absolutely Lipschitz and
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Taking the infimum on both sides over all Sy € TT5(Y,Zy) and K > 0 satisfying (5.9),
we get
Ty (SoT) < Lip(T)® mf,. (T)' %7l (S).

Then by (1) in Theorem 5.8 we have T € Mﬁfz) (X,Y) with

m(LS’Z)(T) < Lip(T)®mf,,(T)'"%. O

In [6] vector valued molecules were naturally considered. An E -valued molecule
on X is a finitely supported map m : X — E such that Y .y m(x) = 0. The vector
space of all E -valued molecules on X is designated by .# (X,E). Let 1 < r < oo such
that r* = for a molecule m € .# (X ,E), the (p, 0)-Chevet-Saphar norm is given
by

19’

cspo(m —1nf{H (A ||vil])s )i IHVSI?FO(A U, X)) 1) im= Zlvjmxjx;7lj>0}.
-

We denote by CS,, 9(X,E) the space .# (X,E) endowed with the norm cs, ¢. By [2,
Theorem 3.3] the spaces CS, ¢(X,E)* and HILDW(X ,E*) are isometrically isomorphic
via the canonical pairing,

(m,S) = i (vjrS(xj) = S(x}))- (5.11)

j=1

Following [6], recall that for any Banach space G, the Lipschitz mapping S : X —
Y induces a well-defined linear mapping Sg : .# (X,G) — .# (Y,G) given by

G(Z vijjx}) = 2 Vims(x;)s(x,)
j=1 j=1
The following theorem can be proved as in [5].

THEOREM 5.12. Let 1 < p<eo, 0< 0 <1 and S € Lip(X,Y). The following
statements are equivalent.

1. S is Lipschitz (s, p, 0 )-mixing map.
2. For every Banach space G, the operator

SG:CSy 9(X,G) — CSy o(Y,G)

is continuous and ||Sg : CS,+ (X, G) — CSy o(¥,G)|| < m(L(; ().
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Proof. The necessity condition, suppose that S is a Lipschitz (s, p, 6)-mixing
map. Let ¢ € €5 (Y,G)* with ||| < 1. Since €% o(Y,G)* = er(Y G*)
by [2, Theorem 3.3], we can identify ¢ with amap Ly € HL o(Y,G*) with 77: o(Le) =

o] < 1. Let m be a G— valued molecule on X, say m = Z vy with 7, x7 € X
jf

and v; € G. Then Sg(m) = Z Vg o The pairing formula defined in (5.11), the

Jj=
ST ) and Theorem 5.8 naturally come together to give us

Holder inequality (; >

M=

(0,86 (m)) = Y (Lp(Sx}) — Ly(Sx7),v;) = (LpoS,m).

j=1
Hence
7

(9, Som)| < mb (5)-8k (= ") <o I ¢

Taking the infimum over all representations of m and ¢ C R on the right side of (5.12)
and the supremum over all such ¢ on the left side of (5.12), we have

sup [(9,SG (m))| <m0 (S)-cspr.o(m). (5.13)

PEBy.7 o o(r.G)*

. (5.12)

Then csy o(S (m)) <mf;? (S) - sy o(m) and [|Sg|| <m(2 (S).

The sufficient condition, suppose that Sg : CS )+ ¢(X,G) — CSy g (Y, G) is a boun-
ded linear operator. Let T : Y — G* be a (s, 0)-absolutely Lipschitz operator. It suffices
to show that T oS € Hgﬁe(X,G*). Assume m is an G—valued molecule on X, say

m

m= ¥ v;my . with x,x € X and v; € G. Then
j=1 X 77 !

3

(ToS,m) = 2<v,, (ToS)x;,— (T oS)x]) = < Zv,meSXu>:<T,SG(m)>.

Jj=1

By the duality between the (s, 0)-absolutely norm and the (s*,©)-Chevet-Saphar norm,
together with the boundedness of Sg,

(T oS,m)| = [(T,Sg(m))|
< 7wl (T).cs5,6(S(m))
< 7Ly (7). S| .cspe. 0 (m).

Therefore, from the duality between cs,« g(.) and 775,9(~) after taking the supremum
over all molecules m with cs, g(.) < 1 on both sides above, we obtain

my.0(T 08) < ||| -7(T).

By Theorem 5.8 we get that S is Lipschitz (s, p, 0 )-mixing map with

L,6
mZ0 () < [Sal. O
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